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A new four-parameter class of exact solutions of Einstein’s field equations is obtained, using 
the inverse scattering method of Belinsky and Zakharov. Its members represent the 
head-on collision of a variably polarized gravitational plane wave with one having constant 
polarization and, in general, different profile, or with an infinitely thin shell of null 
dust. In some of these models no curvature singularity develops along the future boundary of 
the region of interaction. In certain cases the singularity avoidance is the direct result of 
the noncollinear polarization of the waves involved in the collision. 

I. INTRODUCTION 

Analytic, or exact, solutions of Einstein’s equations 
that can be interpreted as models of the head-on collision 
of a pair of gravitational plane waves have great theoret- 
ical value in the context of general relativity. Such mod- 
els, however, had been very hard to obtain before the 
appearance of the solution generating techniques, such as 
the inverse scattering or soliton method of Belinsky and 
Zakharov (BZ) ,I,* which were invented quite recently. 
These techniques have made possible the construction of 
several new families of colliding waves models exhibiting 
an ever increasing variety of physical characteristics and 
global behavior, compared with the first solutions found 
by Szekeres374 and Khan and Penrose’ in the early seven- 
ties (for a recent concise review of the subject, see Ref. 
6). 

In this vein, the BZ technique is used in the present 
paper for deriving a new class of colliding gravitational 
waves solutions with the following features. The members 
of the family are distinguished by a tetrad of real param- 
eters, (a, Si, S2, q), the first three of which determine the 
shape of each of the two wave pulses involved in the 
collision. The last of the above parameters, on the other 
hand, determines the polarization of one of the incoming 
waves relative to a fixed set of coordinate axes. Thus, by 
tuning the parameter tetrad appropriately, one can cover 
a large variety of physically distinct cases, from the col- 
lision of two gravitational plane waves with different pro- 
file and polarization to the interaction of a variably po- 
larized gravitational wave with an infinitely thin shell of 
null dust. Moreover, the polarization parameter q can 
approach the value q = 0 continuously and figures in the 
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metric coefficients in a manner that makes it easy to com- 
pare the noncollinear (q#O) models with their collinear 
(q = 0) counterparts. 

It must be pointed’out that several of the above fea- 
tures are also shared by the solutions obtained recently by 
Ferrari-Ibanez-Bruni,7*8 Emst-Garcia-Hauser,9-‘1 
Li-Hauser-Emst’*‘13 and Feinstein-Senovilla.‘4 How- 
ever, the class of solutions presented in this paper differs 
from the above in several respects. To be specific, we 
compare them here briefly with the 
Ferrari-Ibanez-Bruni7*8 (FIB) models, the only family 
of solutions among those mentioned above that was also 
constructed using the BZ technique. To begin with, the 
FIB metrics involve two parameters less than ours; they 
are, essentially, the two-soliton counterpart of our Sr 
= S2 = l/2 subclass of solutions. As a result, the FIB 
models cannot cover the case of collisions in which shells 
of null dust are present. Moreover, due to their construc- 
tion by a pair of solitons placed symmetrically on the 
propagation axis, the FIB models retain a symmetry be- 
tween the left and right moving waves. In contrast, our 
solutions are the product of a one-soliton “perturbation” 
of an initially diagonal metric. As a result, in the generic 
case, the two legs of the incident radiation differ from 
each other completely (for further comments, see Ref. 15 
and following sections). 

The structure of the paper is the following. In Sec. II, 
we present a short outline of the BZ soliton technique and 
introduce our notation. In Sec. III, a one-soliton class of 
new solutions is derived by applying the BZ method to 
the three-parameter class of diagonal solutions obtained 
by the present authors recently.‘6*‘7 The extension of the 
above solutions, which renders their interpretation as col- 
liding gravitational waves possible, is presented in Sec. 
IV. Section V is devoted to a detailed analysis of some 
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representive members of the family of solutions obtained 
in the previous sections, in terms of the corresponding 
Weyl or conformal curvature tensor. The paper closes 
with Sec. VI, in which the singularity behavior of the 
whole four-parameter class of solutions is considered. 

II. THE METRIC FORM AND SOLUTION TECHNIQUE 

In this section, we shall present a brief outline of the 
BZ technique of solving the Einstein vacuum equations 
when the space-time metric admits a pair of commuting 
Killing vector fields. This only serves the purpose of in- 
troducing the notation employed in the following sec- 
tions. For details on the BZ soliton technique, the reader 
may consult Refs. 1, 2, and 15. 

When one considers solutions of the field equations 
that could represent colliding gravitational plane waves, 
it is convenient to write the space-time metric in the form 

d?=f(t,z)(d?-d2) -gab(t,z)dx=dxb, (2.1) 

where a, b run from 2 to 3. Furthermore, one can set 

det (g) = det (gab) = 3, 
(2.2) 

without loss of generality. 
Suppose, now, that f(O), g(O)& is a known solution of 

the Einstein vacuum field equations. In the context of the 
BZ “soliton” or “inverse scattering method,” such a so- 
lution is referred to as the “seed metric” from which a 
new solution f, gab is produced via the following steps. 
First, one chooses the number N of the “poles” and the 
associated “pole trajectories” 

pk(t,z) =wk - Zf ‘I(Wk - 2)* - 3, (2.3) 

where k = l,..., N and the wk’s are arbitrary real or com- 
plex constants. The natural number N specifies the soli- 
ton index of the new solutions relative to the seed metric. 

The next and crucial step in the BZ technique con- 
sists of integrating the “Schriidinger equations” 

( &+A4 1 
Y=GY. (2.4a) - 

( 

a 2.1~ a 

z+zz 1 
y2gy (2.4b) 

for the 2 x 2 matrix, or “wave function,” Y ( C, z; A>, sub- 
ject to the “initial condition” 

lim Y(trA)=g(O)(tz) 9 , , * (2.5) 
1-O 

In Eqs. (2.4) 

A z tg(o) g(O) - 1  and fi 3  fg(O) g(O) - ’ 
f (2.6) 

where ( ),, denotes partial differentiation with respect to 
x. 

When g(O) is diagonal, as in the case to be treated in 
the following sections, the integration of Eqs. (2.4) is 
simplified by assuming that Y is diagonal, too. It is also 
found to be convenient to write the metric given by Eqs. 
(2.1) and (2.2) in the form 

dg=f(r,z)(d? - dg) - t[X(dx2>* 

+x- ‘(dx3 - q2 dx2)2], 

and to introduce the coordinates 7~ (0,l) , PE( 
the relations 

t=(AS)“*, hl -q*, 6~1 -p*, 

and 

z=?p. 

Then, Y can be written in the form 

Y(~,~;;1)=(2;l~)“~diag(2,2-‘), 

whereby Eqs. (2.4) and (2.5) become 

(2.7) 

1,l) via 

(2.8a) 

(2.8b) 

(2.9) 

At+1z-2,1q& 
a7 a~ 

lnX=A (lnX(‘)),,, 

(2.10a) 

S $ + A $ - 2Ap $ In 8=S (In X(“)),a 

(2.1Ob) 

and 

lim  2(77,p;~) =x’“‘(77,p), (2.11) 
1-O 

respectively. Let us, here, note that the integrability con- 
dition of the first-order system of Eqs. (2.10) is provided 
by the field equationI 

[A (lnx(“)),71,,r- [a (lnx(“)),pl,p=O. (2.12) 

The remaining steps in the BZ solution-generating 
technique are all algebraic in nature, but quite compli- 
cated. However, a very convenient form of the final for- 
mulas has been obtained by Economou and Tsoubelis’5 
recently. Those which are pertinent to the case under 
study will be explicitly quoted in the next section. 
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III. ONE-SOLITON SOLUTIONS (2hJ)“f~~ 
In Refs. 16 and 17, it was shown that one solution of 

the vacuum field equations is provided by the metric 
(2.7), if the coefficients, x, q2, and f are chosen to be 
equal to x(O), qzco), and f”‘, respectively, where 

==w + ?I)(1 +pcL) +w+ [(l + q)(l -/.k) -W- * 
(3.6) 

x(o)= (As)” (&y (&$ (3.la) 

qp =o, (3.lb) 

and 

In conclusion, a new family of solutions of the Ein- 
stem vacuum equations, which is characterized by the 
parameters (a, Sr, Sz, q), is given by combining Eqs. 
(3.3)-(3.6) and is expressed by the formulas 

x= [ ( 1 - q2) ( 1 - p2) ] 1’2(A/B)p), (3.7a) 

42= - 2q(q -/d2s- +‘(x(O))2/B, (3.7b) 

fcO)=c (1 -71)bw +17P(l -pP(l +pP 
2 2 

(rl+P))S+(77-YP- * 
(3.lc) 

f =cph 
(1 -#l(l ++‘i(l -+P(l +P)c’zA 

2 
(77 +p)“+ (q -pP- +I) 

2 
’ 

(3.7c) 
Here, (a, 6,, S,) is a triad of real parameters that char- 
acterize the solution, C is an arbitrary constant, and where x(O) is given by Eq. (3.la), 

s, =s, fS2, b”=(a+S,J2-;, CA=((a-sJ2-~, 
(3.2) 

with A = 1,2. 

A=(1 - 77) 2kz+y1 +p)m--2) 

Considering the above metric as the seed, a one-soli- 
ton solution can be generated by the method described in 
the last section as follows. In accordance with Eq. (2.3), 
let us choose the single-pole trajectory to read 

pi=1 -z- J/=(1 -?I)(1 -p). 
(3.3) 

(3.8a) 

X(1 -rl)(l +pcl), (3.8b) 
Furthermore, let us introduce the functions 

Z(rl,p) =Uw.w), a~(rl,p.) =PU~/W)‘“, 
b:,=(a+S‘4)(a+S,4-- l), 

and c~~(u-S,J(u-s/f-- l), (3.9) 

Sl(%J,cl) =Qlx(“)/L:12, (3.4) 

where Q, is an arbitrary real constant. Then, the 
Economou-Tsoubelis” formulas mentioned above give 
the metric coefficients for the new solution in the form 

and the free parameter q = 4’1- a QI. 
In the following section the above family of solutions 

is used for the construction of colliding gravitational 
waves models. 

x=Clql(l +%2m + bPI)21~X(o), (3Sa) 

q2=cs1(o*2 - 1)/t 1 + hs,)211X(o), (3Sb) 

f=Cpdd +d2/(W “4sl(q2 - l)]f’O’, (3.k) 

where the constant CPh is arbitrary. 
It is now obvious that the new metric is completely 

specified as soon as the solution B (77, y; A) of Eqs. (2.10) 
and (2.11) is obtained. In the present case, this solution 
is easy to obtain, but involves tedious calculations. There- 
fore, we quote the final result which reads 

IV. COLLIDING GRAVITATIONAL WAVES 

Let us now introduce the pair of null coordinates (u, 
u) related to (r, z) and (7, p) by 

and 

where 

r= 1 - p - p, z=u2n - p, (4.1) 

7 = unR + urns, p = u”R - v”S, (4.2a) 
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RI ,/p, SE ,/m, (4.2b) 

respectively, with the parameter pair (n, m) determined 
by (4, 62) via 

where K( = 87rG/c4) denotes the Einstein gravitational 
constant and S(u) stands for Dirac’s “delta function.” 

It is obvious that Eqs. (4.4) and (4.7) imply that 

n=1/[2 -6+2], m=1/[2 - (S- + l)‘]. (4.3) 

In terms of tl, u the line element (2.7) becomes 

x [x(dx2)2 +x- ‘(dx3 - q2 dx2)2], (4.4) 

where 

e - -“-8nmu2”-‘v2m-‘f(u,~), (4.5a) 

e- u=t(u,v). (4Sb) 

This form of the metric will be the basis of our discussion 
from this point on. 

Specifically, let us call the coordinates appearing in 
Eq. (4.4) {A’}, where p = 0, 1, 2, 3 and 
(x*,2) = (uJ). Using this notation, we can distinguish 
the following regions of space-time: RI = {ti:u < 0,~ 
< 0}, RI1 = {X:u < 0,O < u < l}, RIII = {X:0 < u 
< 1,~ < 0}, and R IV = {xbu > 0,u > o,u2n + U2m 
< I}. We then assume that the solution obtained in the 

last section holds only in RIv, which will be referred to, 
hereafter, as the region of interaction, and extend it 
across the null hypersurfaces u = 0, and u = 0 in the fol- 
lowing manner. First, we restrict the range of values of 
the parameter pair (m, n) by the condition 

d$=2 du dv - (dx2)2 - (dx3)2, (4.9) 

in RI, while gpv = gJv> and s,, = gJu) in RI1 and 
RIII, respectively. Combined with Eq. (4.8), this shows 
that the extended solution can be interpreted as repre- 
senting the collision of a gravitational plane wave inci- 
dent from the left, say, in the flat region RI with a similar 
wave incident from the right. When n = l/2, the leading 
edge of the latter is occupied by a shell of null dust. 
Moreover, by combining Eqs. (3.7b), (4.2), and (4.7), 
one easily finds that g23 vanishes identically in RIII, while 
gzs(u)#O in RiI, unless q = 0. This means that the wave 
incident from the right has constant polarization-one 
says that it is a ( + )-type of wave relative to the x2, x3 
axes. In the wave incident from the left, on the other 
hand, both, the ( + > and the ( X ), polarization modes 
are present, in the generic case, and their respective con- 
tribution changes as the wave propagates. Thus our q#O 
solutions represent the collision of a constantly polarized 
gravitational plane wave with an oppositely moving one, 
which has a different and, in general, variable polariza- 
tion, except when q = 0. When q = 0, the colliding waves 
have parallel polarization. The latter, however, is the col- 
linear case studied in Refs. 16 and 17, and, therefore, will 
not concern our discussion until Sec. VI. 

That the above interpretation is valid is brought out 
clearly by the study of the Weyl curvature tensor to 
which we now turn. 

mE[ I,c0 ), ne{i}U [ &CO). (4.6) 

Then, we apply the Khan-Penrose substitution’ 

F(u,v) -F(iY,$ rF(uH(u),uH(v)), (4.7) 

where F is any of the functions appearing in the metric 
coefficients g,Ju,v) in RIV and H(x) is the Heaviside 
unit step function. 

Introducing the functions V(u,v) and W(u,u) via 

v=f ln(x2 + q22) and sinh W=q,/x, (4.10) 

respectively, we find that the vectors 

P = P/‘Sf, np = 8/‘S$ 

mp = &J26$ + c36f, Gi’ = psli( + c36$ (4.11) 

where 
Along the lines described in detail in Refs. 16 and 17, 

it can be shown that the above method of extension guar- 
antees that the Einstein vacuum equations are satisfied in 
all regions RrRIII and the appropriate junction condi- 
tions are satisfied along the hypersurfaces u = 0 and u 
= 0. Moreover, the latter are empty, unless n = l/2. In 

that case the separation hypersurface u = 0 is occupied 
by an “infinitely thin shell of null dust.” More specifi- 
cally, one finds that the stress-energy tensor, T,, corre- 
sponding to the extended solution is given by 

KT~+,= 
2nu2” - ‘S(u) 

s”$v 
1 - v2mH(u) /J 

e(U- v)n 
s”= fi 

I 

W W 
coshy+isinhy , 

I 

e(o+ n/2 
c3= fl 

I 

W W 
(4.12) 

sinhy+icoshy , 
I 

and the overbar denotes complex conjugation, form a null 
tetrad. The five “Weyl scalars” relative to such a tetrad 
completely characterize the Weyl curvature tensor. In the 
present case only three of these complex scalar functions 

(4.8) 
survive. Denoting them by Yj( u,u), i = 0, 2, 4, and omit- 
ting an all-present, but irrelevant, scale factor equal to 
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exp(M), we quote Szekeres’ formulas4 for the Weyl sca- 
lars in RIV, correcting a printing mistake in Ref. 4, at the 
same time: 

which, when combined with Eq. (4.14b), gives 

Y4r-m=Y4m(O)H(u) + D(u)S(u) 

Yol’= - ;{ V,,, cash W  + (M,v - U,,, V,, cash W  =Y4”~(O)H(u> + n(S+ + 2uu”)uR-‘S(u) 

+ 2 sinh WV,,W,, - i[ W,,, + Of,, - U,,> W,, 

- sinh W  cash WV,u2]}, (4.13a) 

‘I’dV= - I{ V,,, cash W  + (M,, - U,,) V,, cash W  

(4.16) 

+ 2 sinh WV,, W,, + ii W,,, + (M,, - U,,) W,, 

- sinh W  cash WV,,2] ), (4.13b) 

Y2’v=i%Wf,,, - U,,, + W,, W,, + cd2 WV,,V,,> 

for the Weyl scalar Y4 in the neighborhood of the hyper- 
surface u = 0 separating RiIi from RI. Therefore, depend- 
ing on the values of the parameters n and a, the wave 
incident from the right can be one of several types: 
smooth fronted [Ym4(0) = 0, D(u) = 01, impulsive 
[Y1’14(0) = 0, D(u)#O], shock wave [Y1114(0)#0, D(u) 
= 01, impulsive + shock, etc. 

+ i3 cash W( V,,W,, - V,,W,,)}. (4.13c) 

Using these expressions and Eq. (4.7)) on the other 
hand, one finds that the nonvanishing Weyl scalars in all 
regions RI-RIV are given by 

Similarly, one finds that the Weyl scalar Y. shows the 
following behavior in the neighborhood of the hypersur- 
face v = 0 separating RI1 from RI. 

When m  = 1, for example, then 

Yo’-“=[6u/(l +$)2][(1 -62+q4) 

-iMl -q?lH(~) 

Yo(u,u) =YolV(iJ,v)H(u) + I[ V&7,0) cash W(U,O) + [l/(1 +qwu -42) -ml&u). (4.17) 

- iW,,(CO) IWu), (4.14a) 

Y4(u,u) =Y4’V(~,ij)H(u) - ;[ VJO,;;, cash W(O,q 

Thus, in this case, the gravitational wave incident from 
the left is of the shock + impulsive type, unless a = 0. In 
the latter subcase only the impulsive component survives. 

For m  = 2 we find that 
+ iW,,(O,9l&u), (4.14b) 

Y2(U,V)=Y2*v(U,U)H(u)H(U). (4.14.c) 

As shown by Szekeres,18P*9 Y. represents a transverse 
gravitational wave propagating in the direction specified 
by the null vector nk, Y4 represents a similar wave prop- 
agating in the direction of Ik, and Y2 corresponds to the 
Coulomb-like component of the gravitational field. If this 
is combined with the fact that, as follows immediately 
from Rqs. (4.14), Yi=O in R, Y. = Yo(u> is the only 
nonvanishing Weyl scalar in RII, and only Y4 = Y4( u) is 
different from zero in RIII, it becomes evident that the 
physical interpretation presented above is correct, in 
broad terms. For a more specific description of the type of 
waves involved in the collision, we first turn to the be- 
havior of the Weyl scalars in the neighborhood of the 
leading wave fronts u = 0 and u = 0. 

A lengthy but simple calculation leads to the expres- 
sion 

Y:-rr=2( 1 + s- )H(u), (4.18) 

which corresponds to a shock wave. 
Finally, when m  > 2, the wave incident from the left 

is smooth fronted, because Yo’-” vanishes. 
A more detailed analysis of the nature of the incident 

waves and the outcome of their interaction in RIv would 
not be very illuminating if the four-parameter class of 
solutions obtained above were treated as a whole, because 
the corresponding expressions for the Yis are extremely 
complicated. Therefore, we proceed to study, in the next 
section, some representive subcases, separately. 

V. SPECIFIC MODELS 

Y4m(U)=ne2~{2un(4u2- 1)u4”-z+ 12u%s+u3”-2 

+ 6u(2n - l)~~~-~ + (n - 1)S+u”-21, 

(4.15) 

In order to obtain a clearer physical picture of the 
class of colliding waves models constructed in the last 
section, we shall now turn to a more detailed analysis of 
some specific examples which belong to those subclasses 
of solutions for which the parameter pair (n, m) equals 
( l/2, 1 ), ( 1, I), and (2, 1 >, respectively. This analysis 
will also reveal the relation between our solutions and 
those obtained recently by several other investigators. 
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A.CaseA:n=1/2,m=1(6,=Sp=0) 

As noted earlier, when n = l/2, the wave incident 
from the right is accompanied by an impulsive shell of 
null dust. Therefore, this physical feature characterizes 
all the models of the present case. 

A-l: u = 0. The Weyl scalars corresponding to this 
subcase are given by 

Yo(U,“) = [ (1 + m l - ‘cc 1 - 42) - ~%j~6(V), 
(5.la) 

“W-q%1 -v2> +z2q(1 +v2>] 
y4(u’v)=2(1 -v’)[(l +2)2(1 --u’)~+ 16q2v2] 

Xm”)s(u), (5.lb) 

Y,( U,U) =o. (5.lc) 

Equation (5. lb) implies that Y4( u,v) = 0 for v < 0. 
Therefore, no gravitational radiation is incident from the 
right in RIII and the model represents the collision of an 
impulsive shell of null dust with an impulsive gravita- 
tional wave incident from the left. This observation to- 
gether with the fact that no Coulomb-like field accompa- 
nies the interaction suggests that this particular model 
corresponds to the solution obtained by Babala recently.20 
Indeed, a rotation of the x2-x3 axes by an angle 

q=f tan- ‘(2q/( 1 - cr’),, (5.2) 

followed by the transformation 

u-+u’= I 1-2&-u, 00 
u-l u<o (5.3) 

brings the metric (4.4) corresponding to the present sub- 
case to the form given in Ref. 20. 

A-2: a = l/2. Now, 

3(1 +b> 

-Xl -42)(1 +2”2H)m”) + (1+q2r1[(1 -q2) +z2q]&v), u<o, (5.4a) 

where 

A=(1 -v)2+$(1 +v)2, 

Y4(u,u) =$(u), “<O, 

(5.4b) 

(5.5) 

and 

Y2(u,v) = [G(S,v)/2t2SA2]H(u>H(v), 

where 

(5.6a) 

G(v) = (x - Y)~(x~ + XY + $1 - ~q%(~2 -v’>’ 

- q4(x +Y)4(x2 - xy +u”, 

- z%(l +$)(x2-v”>‘. (5.6b) 

Equations (5.4) and (5.5) show that in the present model 
a variably polarized wave of the shock + impulsive vari- 
ety collides with an impulsive wave accompanying an 
infinitely thin shell of null dust, which is incident from 
the opposite direction. Equation (5.6), on the other hand, 
shows that, as a result of the above collision, a curvature 

I 

singularity develops as one approaches the hypersurface 
t = 0 from the interior of the region of interaction. 

A model representing the collision of an impulsive 
shell of null dust with a variably polarized gravitational 
plane wave was first constructed by Feinstein and 
Senovillai4 quite recently. The solution technique used by 
the above authors, as well as the detailed features of their 
model, differ from ours. Both solutions, however, share 
the characteristic of ending up into a space-time singu- 
larity. 

A-3: a = 1. One can easily verify that, when the value 
of the parameter a becomes unity, the character of the 
gravitational wave incident from the left remains the 
same as in the previous subcase. However, the gravita- 
tional wave accompanying the null dust shell incident 
from the right becomes one of the shock + impulsive 
kind, too, but having constant polarization. Specifically, 

Y4(u,u)=~e2UH(u) +6(u), 0~0. (5.7) 

The evolution of this model is completely different 
from the one observed in the two preceding subcases: No 
curvature singularity develops along the hypersurface t 
= 0 and the solution can be continued analytically across 

it. This result follows from the observation that Y,(u,v) 
remains bounded as I -) 0 + , since 
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‘I’~%~J) =61(S,u)/.STz, (5.8a) 

where 

I(x,y) E (x - yp - 12qzxJJ(x2 -9,’ - q4(x + yp 

-z~q[(x-yY)4cyz+4xy+~) 

+42(x+Y~4(y2-4v+&l, (5.8b) 

T=((S- v)~+ $(S+ v)~. (5.8~) 

B. Case B: n=m=l (S,=Sz=1/2) 

It turns out that this subclass of our models belongs 
to the family of solutions obtained by Ernst, Garcia, and 
Hauser’-” recently. For comparison, we give explicitly 
the metric coefficients in the region of interaction: 

x=1(1 -n2)(l -/L*)]n(A/B), (5.9a) 

q2= -2q[(* ---I*)(* -p2)12a(r]-p)/B, (5.9b) 

e-M-[(1 - r1*w -P*)liZ--l’dA - 
(1 + rt)20u +pFL2aRs ’ (5.9c) 

where, now, 

A=(1 -7q)(l-7#ql+~)*= 

+qW -j&l +#=(l-&=, 
(5.10) 

Br(1 +q)*(l -n)*“(l +p)*= 

The following are the two most significant members of 
the n = m  = 1 subclass of solutions. 

B- 1: a = 0. For this model 

Yo(u,u>={[(l-$1 -z2ql/(l +q?JSW, u<o, 
(5.11) 

Y,(u,u)=S(u), v<o. (5.12) 

Therefore, the model represents the collision of two im- 
pulsive gravitational plane waves with noncollinear po- 
larization. In fact, it is the well-known Nutku-Hali12’ 
solution, studied in great detail recently by Chan- 
drasekhar and Ferrari,** but written in a different coor- 
dinate system. Thus it is known that the above solution 
becomes singular along f = 0. 

B-2: a = l/2. In this case 

\vo(u,u) =Yo"WmJ) + 
(l-42) -z2q 

1 + 4' NV), 

where 

u<o, (5.13a) 

3(u2 - 1) 
‘?(‘)=(l +&1/2T2(T2+ 16&,2)3/2 fL16q4- t1 -d4+ (g- *@)d -z%(l +&[(I +42)(5+u*)u 

-2(1-~)(1++~*)]~(1+~)(1+6u*+~~)-4(1-42)(1+u*)u]}, (5.13b) 

with 

(5.13c) 

and 

Y4(U,v)=3e2U(l + u)H(u) + S(U), u<o. (5.14) 

Therefore, the model represents the collision of the same impulsive waves involved in the Nutku-Halil*l solution, but 
when both are accompanied by shock waves. Of the latter, the right-moving one is variably polarized while the left- 
moving one has constant polarization. The result of this superposition, however, is impressive: The new solution does not 
develop a singularity along t = 0. This follows the fact that Y2rv(~,n), given by 
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y2’v(~,~)=[(l+77)2(1+~)2/~~‘42] (1-r1)3-42(1-~)[2-((1--)(rl+c1)+2r1*~--(1--~2+2~3)] I 
M l +771t* +pFL) 

+B[(* --7713U +p) +q% -/d3(1 +r])] [(l-r1)6(l+~)(l+~)(2+~-3~)+q4(l-~) 

x (1 - /Q3(6 - 57 + 2q2 - 7q3 - /J - 167~ + 29q2p + 2j.~* - 157~~ + 677*,~* - 5713p2 + 5q3 

--q2p3) 471 +rl)(* +p)(l -pm -3~+p)I , I (5.15) 

remains bounded as t -+ 0 + . 

C.CaseC:n=2,m=1(S1 = S2 = &/4dr) 

According to Eqs. (4.15) and (4.16), the wave incident from the right in all the models of this subclass has a shock 
front, since 

Y4”‘(~)=4e2U[k + 9au2 + 24ka2u4 + 2u(4a2 - l)u6]H(u), v<O. 

The following two subcases are typical examples of the colliding waves models covered by this category. 
C-l: (z = 0. In this case 

(5.16) 

~o(w)=([(* 4) -i2q1/(1+42ljW, u-co. (5.17) 

Therefore, the wave incident from the left is an impulsive one and the outcome of its collision with the shock wave 
incident from the right is the formation of a space-time singularity along t = 0. This can be inferred from the fact that 
Y,‘“( U,U) grows beyond all bounds as t + 0 + . The latter quantity is given by 

‘4’~“(u,v) = (4ku/r%A*B){B[ (1 - ~*)~~(2 - (1 - k)q* - (1 + k)j~*) - 6kq2(v2 - p2)r4k - q4( 1 - /J*)~~ 

x(2- (1 -k)p*- (1 +k)q*)] -iqt2k(l --2)4k[k-‘(~2-~2)(1 +v)(l -/L) 

where, now, 

A=(1 -$)2k[(l -TI)(l+.~)]2” 

+a* -p2)2k[u +q)(* -pu)l*=, 

B=(l -~*)*~[(l -r)(l +,~)]*=(l +r/)(l -P) 

+42(* -p2)2kw +??I(* -/.412”(1 -q) 

where 

1 
wJ%) =2(* _ v2)A2T fI[O(v) - qwv> - q4 

xP( -v) +q%( -v)j -z2q(l-&‘+*k 

x [Q(U) -3&W - q4Q( - v)ll, (5.19b) 

x(1 +p). (5.18b) 

C-2: a = 1 - k. Now the impulsive wave incident 
from the left in the previous case is accompanied by a 
shock one, since 

with 

T= [A* + 16423( 1 - v*)~(’ + ‘)I I’*, 

%(w) =%lYv)H(v) + (* + $) 
(l-42) -&7s(v) u<. 0(x)=(1 +~)‘*~(l -x)‘*{3(4+7x+2x2) -2k[6 

, 

(5.11ra) +24x+ 19x*- 16kx(l+2x-kx)]}, 
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P(x)=(l +~)~~+~(l -~)~~+‘{3(20+ 121x+22x2 

+7x3+6x4) -2k[(30+36Ox+ 113x2 

+ 24x3 + 57x4) - 16kx( 11 + 10x + x2 

+ 6x3) + 16kzx*(5 + 3x2)]}, 

Nky)=(l --x2)(1 -3,u +X)4ku +y14%x+y) 

x(x-y)[(l +x)(1 +y)(2-x-y) 

- 3(x-y)* + 4k(x -J+~]}. (5.2Ob) 

Q(x)=(l +~)*~(l -x)*{3(8+23x+4x2-9x3) 

- 4k[ (6 + 36x + 19x2 - 12x3) 

- 4kx( 5 + 8x - x2) + 16k2x2] 3, 

VI. SINGULARITIES 

Z(x) =x( 1 - X2)4(kf “{3(41 + 9x2) 

- 16k( 15 + 3x2) + 16k2(7 +x2)}. (5.19c) 

In the present case, however, no singularity forms along 
the t = 0 hypersurface. This is reflected in the fact that 
the following expression for Y2’“( u,v) remains bounded 
ast-+o+. 

As shown by the analysis of the specific models con- 
sidered in the last section, some members of our new 
family of solutions become singular along the hypersur- 
face t = 0, while others do not. The question which is 
exactly the subclass of solutions that does not develop a 
singularity along the “focusing hypersurface” t = 0 could 
be answered by calculating the Weyl scalar Y2’“( U,V) for 
the whole class, using Eqs. (3.7), (4.10), and (4.13~). 
This would be a formidable task, however, as can be in- 
ferred from the complexity of the expressions for Y2’” 
corresponding to the particular examples already consid- 
ered. Fortunately, an easier and more illuminating ap- 
proach is now available thanks to Yurtsever’s23’24 recent 
work on this subject. 

Y~“(u,u) = [4u/ZW*B( 1 + 7) (1 + p) lCB[J(q,p) 

- ~42~(71y) - q4J(p,rl> 1 - Q 

x(1 +rl1 2k+ ‘(1 +p) 2k+‘[u77,p) 

+ Mww> + q4uw7) II, (5.20a) 

where 

Specifically, Yurtsever23’24 has shown that, as one ap- 
proaches the t = 0 hypersurface from the interior of the 
region of interaction, the metric tends to an “inhomoge- 
neous Kasner solution.” This means that as t + 0 + , 

d.?-+ (EC dT)2 - (ElTP’ tfzp - (E*Tfi zfx*p 

J(x,y)=(l +y14U -xj3(l +xPCU +x)(x+y) 

+k(l -x)(2+3x-y) -22k*(l-xx) 

x(x-YY)), 

- (E37 JJ3 dX3)2, (6.1) 

where r is a monotonic function oft, X” are z-dependent 
linear combinations of x2 and x3, Ei = Ei(z) and pi 
= pi(z), with 

K(x,y)=(x--y)(l -x2)(1 -$>(l +x)4k+’ 

x (1 +y)4k+’ [(x+y) -Wl -k) 

X(1 -x)(x--YY)l, 

PI +P* +P3=P,* +p** +p3*. (6.2) 

Therefore, the t -+ 0 + behavior of the curvature tensor of 
a given solution representing the collision of gravitational 
plane waves can be determined from that of its Kasner 
asymptote, in the sense of Eq. (6.1). Moreover, by find- 
ing the Kasner asymptote of the given metric, one can 
determine the “fine structure” of the singularity forma- 
tion process, since the Kasner exponents {pi) specify the 
directions in which the gravitational rays get focused and 
those along which defocusing occurs. 

L(x,y)=(l +y)3(1 -x)3(1 +x)8k{(1+2x-2y 

-xy)b+y) +h* --x)(1---Y) 

X[(~+~X--Y) +Wx+y)lh 

We consider the collinear limit of our solutions tirst. 
It is obtained by letting q-0 in Eqs. (3.7), whereby one 
ends up with the seed metric given by Eqs. (3.1), but 
with (6t, S,) replaced by (St + l/2, a2 - l/2). One eas- 
ily finds that the Kasner exponents in the t -+ O+ limit of 
our collinear models are given by 
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da + 1) 
PI= /j , P2=(a+1) 

B 
, p3=-;, (6.3) 

where 

a=a + St and +a* + a + 1. (6.4) 

Moreover, 7 = r@ and (X2,X3) = (x2,x3) in the present 
case. As shown by Yurtsever,23’24 all models in which 
p,#O develop a curvature singularity along the focusing 
hypersurface t = 0. Therefore, all of our collinear solu- 
tions become singular as t -+ 0 + , unless aE{ - 1, 0). In 
the latter case the curvature singularity along t = 0 gives 
its place to a Killing-Cauchy horizon across which the 
metric can be continued analytically. 

The above result regarding the singularity behavior of 
the collinear models was already proved by the present 
authors in Refs. 16 and 17, using the Weyl scalars ap- 
proach. Now we can add the following observations. 
When a < - 1, thenp,, p3 > 0 andp2 < 0. Therefore, in 
the subclass of the diagonal solutions in which a < - 1 
one observes unbounded contraction of physical volumes 
in the directions of the z and x3 axes and unbounded 
expansion along the xz axis on approaching the singular- 
ity hypersurface t = 0. The corresponding singularity is 
called astigmatic, because the rays of the incident gravi- 
tational waves get focused along one of the transverse 
directions, namely, x3, and defocused along the other, 
namely, 2. When aE( - 1, 0), on the other hand, then 
p, < 0 andp2,p3 > 0. The singularity that now develops as 
t + 0 + is anastigmatic and is accompanied by an un- 
bounded expansion of the physical volumes in the direc- 
tion of the waves’ propagation and unbounded contrac- 
tion in the transverse directions. Finally, when a > 0, then 
the process of singularity formation is the same as when 
a < - 1, but with the roles of the x2 and x3 axes inter- 
changed. 

Turning to the q#O models, corresponding to the 
collision of noncollinearly polarized waves, we find the 
following singularity behavior. 

(i) When a < - l/2, the nondiagonal models evolve 
exactly as the diagonal ones described above. This shows 
that the difference in polarization of the incoming waves 
has no effect on the formation of a singularity along t = 0, 
aslongasac -l/2. 

(ii) For ae[l/2, 0), the situation is similar as in the 
previous case, except for the fact that the Kasner axes 
X2, X3 are rotated relative to x2 and x3 and the coefficients 
eP are z dependent. 

(iii) When ac[O, l/2], the Kasner exponents become 

a(a - 1) 
PI= fy , P*=$, 

l-a 
p3=- 8’ ’ 

(6.5) 

where 

j?‘=a*-a+ 1. (6.6) 

Moreover, r = ts’ in this case, while the eP’s and the 
X”‘s are z dependent as in the previous interval of values 
of a. From Eq. (6.5) it follows that the a = 0 nondiag- 
onal models remain free of singularities along t = 0, like 
their diagonal counterparts. However, the singular mod- 
els (corresponding to a#O> behave quite differently from 
the diagonal ones, in the sense that the astigmatic singu- 
larity of the latter gives its place to an anastigmatic one. 
This shows that the difference in polarization starts hav- 
ing a considerable effect as soon as a enters the positive 
side of the real axis. This is brought out even more clearly 
by the following case. 

(iv) When a > l/2, the results of case (iii) still hold 
and, therefore, no singularity appears on the t = 0 hyper- 
surface whenpl = 0, i.e., when a = 1. This is in complete 
contrast with the behavior of the diagonal models which 
are always singular along t = 0 for all a > 0. 

Let us point out that all three cases A-3, B-2, and C-2 
considered in Sec. V provide concrete examples of the 
models comprising category (iv). This fact can also be 
deduced from the explicit expressions for Y2’“((u,v) cor- 
responding to the three models above, which are given by 

Y~‘“(u,v)‘=~(S + v)*/?, (6.7) 

(1+77)(1 -p2) 
~2’“W) = sR3 , (6.8) 

and 

-2@(1-7o(?l-p)1, (6.9) 

for q = 0, respectively. 
The significant role played by the difference in polar- 

ization in the outcome of the head-on collision of gravi- 
tational plane waves which was exhibited by the models 
obtained above is not surprising, of course. It must be 
noted, however, that, to our knowledge, this is the first 
case where the polarization of one of the incident waves 
can be controlled freely, thus allowing for the explicit 
expression of the influence of polarization on the result of 
the interaction. 
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